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The relations for piezo-optic and electro-optic phenomena  are expressed in tensor form by means  
of only one equation.  The possible existence is shown of refraction of a k ind  similar to Hamil ton ' s  
conical refraction which might  be observed in a crystal placed in an al ternat ing electric field. 
The interpreta t ion of this effect is, however,  physically essentially different. 

1. Introduction 
I t  is convenient to express the classical piezo-optic and 
electro-optic equations of Pockels (1906) in a tensor 
form. Piezo-electric phenomena were expressed in a 
similar form by Mason (1946, 1947). 

2. Classical equations of  Pockels 

Pockels' theory assumes tha t  the electrical field changes 
both the directions and the magnitudes of the principal 
axes of the index ellipsoid 

2 2 2 2 2 2 , aoX +boy +CoZ =1 (1) 

where a o , b o , c o are the principal velocities. The subscript 
0 designates the unstrained state of the crystal. 

Transformation of the system of co-ordinates given 
by 

x 

Y 
z 

changes (1) into 

x' y' z' 

0~1 ~2 ~3 

Yl ~ Y3 

(2) 

°an x ~' + °a,2 y2 + °azaz 2 + 2°a23YZ + 2°aa~ zx + 2°a~ xy = 1. 

(3) 

In the case of the piezo-optic effect Pockels assumes tha t  
the change of the 'polarization constants '  0a~ is a 
linear function of stresses or strains (Pockels, 1906; 
Cady, 1946) 

an- -  °an = p n  x~'4-P~2Y, : PllZz + P~aYz + Pxs Zx A-Pl6 Xu , } 

a~--  °a~ =P21 x~ A-p22yv ... 

a~e-- °a~ =pelxz  +. . . ;  
(4) 

a n -- Oa n = -- (lr n Xz + 7rl~ Y, + ~r13 Z, 

+ iq4 Y~ + lqs Z~ + hi6 Xv), / 
a22-- °a22_ -- (7r21Xz +. . . ) ,  I 

) arz -- Oa12 = -- (Tr~ Xx +. . . ) .  

(5) 

Here xx, yv, zz, yz, z~, xv are the strains, and Xz, Yv, 
Z~, Y~, Z~, X~ are the stresses. Pockels calls the Pik 
' the  elasto-optic constants '  and the 7rik 'piezo-optic 
constants '. 

Similarly, the changes of the polarization constants 
due to the external electrical field are 

an -- a~o = rn Pz  + r12Pv + rlaPz, 
a22 - b~ = re.1 Px + r22 Pv + r23 P~, L a 3 3  - -  c~  = r31 Px + r3~. Pv + r33 Pz, (6) 

a~3 = ral P x + ra2Pv + rdaPz, [ 

aal = rs1 Px + r52 Pv + r53 Pz, ] 
a12 = re1 P~ + reg. Pv + re3 Pz. 

Here ril¢ are the 'electro-optic constants ' ,* and 
Px, P~, Pz are the components of the electric polari- 
zation. 

3. Tensor form 
(1) Let us introduce new symbols adapted to tensor 

analysis: 
(x, y, z )=  @1, x 2, x3), t 

(x', y', z ' ) - - ( 'x  1, 'x 2, ,xa) ' , (7) 

A A (s) 

From these, x i = a~ 'x 1~. (9) 

Let us confine ourselves in the following to the trans- 
formations leaving a~ constant in the whole space 
(orthogonal transformations). 

~x ~ ~'x k 
- -  i * 

Then ~, Xk -- ak , -~xi = a~ , (10) 

x i = - -  'x l¢ . (11) 
a'X k 

Identifying (a 0 , b o, Co)-= (c 1 , c 2, c3), 

we get from (1) ~ (ci x*) ~= 1. (12) 
i 

* The more convenient symbols ,rik are used instead of 
Pockels's eil c. 
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Putt ing (11) into (12), we have 

~x ~ 0x ~ 
~ (ci) ~ ~ ~-~x~ 'x ~ 'xt= 1, (13) 

whence the equation of the index ellipsoid in the new 
system of co-ordinates is 

'a~z'x ~ ' x t=  1. (14) 

~x ~ ~x ~ 
Here ' a ~ t = E  (ci) ~ - -  - -  =N', (ci) 2 a~at,i i. (15) 

'a~t is the symmetrical tensor having six independent 
components. 

(2) In  what follows let us designate the polarization 
constants of an unstrained crystal °a~. Then (4) can be 
written 

ai~ -- Oaik ---- ~g iltran Stun , (16) 

where (Mason, 1946, 1947) 

Sll----S 1--xx, S1~--821-- ~S 6-- ½xy,~ 
S ~  = & = y~ ,  S~a = Sa i  = ½S~ = ½z~, ~ (17)  

Saa = Sa = z,, S~a = Sa~ = }S~ = ½y,, J 

Thus p ~ ,  are the components of a tensor of fourth 
order. Transition from double to simple indices is shown 
in 

11 22 33 23 31 12 
$ $ $ $ $ $ .  (18) 
1 2 3 4 5 6 

In  the general case there are 34 components Pik~n. Since 
the tensors a~ ,  °a~k, S~k are symmetrical, there are two 
conditions to be satisfied: 

Pik~n = P ~ ,  } (19) 
~ O i k m n  ~ g i k n m  • 

Hence there are only 36 independent components, in 
accordance with Pockels's theory. 

Similarly ai~:-  °aik = - fl'ik~q T~q , (20) 
where (Mason, 1946, 1947) 

T n  = T1 = X x ,  Tga = T4 = Yz ,  t 

T ~ 2 = T ~ =  Y~ ,  T a l = T s = Z ~ ,  ~ (21) 

Ta a = Ta = Zz ' T19. = T6 = Xv "l ) 

There are also 36 independent components of ni~,,~. 
From the generalized Hooke's law, 

Si¢ =Si ik lTk l  , (22) 

and from (16) and from the comparison with (20) it 
follows tha t  

P i k m n  S t u n  Vq = - -  Tf ik 'Pq " (23) 

(3) Equation (6) may be written in the more general 
form 

a i ~ -  °aik = r ~,~ P~n; (24) 

r~,n are now the components of a tensor of third order. 
The scheme gives again relations between ri~ and ri~m. 

I t  follows from the symmetry of a~ and °a,~ that  

ri~ m = r~,,,. (25) 

Thus there are only 6 x 3 = 18 independent components, 
in accordance with Pockels. 

(i°:) Choosing (°ail¢) = b 2 
0 c 2 

we may identify r~km with Pockels's electro-optical 
constants. 

(4) In  the most general case it is possible to strain the 
crystal both mechanically and electrically. I t  is to be 
expected tha t  the resulting change of polarization con- 
stants will be given by superposition of both influences. 
We therefore write 

ail: -- °aik -~P ikmn Stun A- rikm Pro, (26) 

and a~k- °aik = - ~rikvq Tvq + ri~ m P ~ .  (27) 

The quantities Stun, T~q, Pm then denote the total  
values of strains, stresses and polarization. 

(1) Let us choose 

Then 

APPBNDIX 

(°a,k) - (c9) 2 . 

0 (c3) 2 

and from (8) and 

aOx m aOx n 

ai~ :-- °amn ~x i ax k" 

- -  0/~ f~.'m. , .v~.  

(28) 

~ X  m ~ X  n 
i k 

Oai k -- amn aOxi ~Ox~ -- amn OC m OC n 

follow 0 = aik ai/?k, 

O = a i k a i  ]/k, (29) 

0 = aik fli "/k, 

( C l ) 9 = a i k a i a k , ~  

( C 2 )  2 = aik/?i/?~,[ (30) 
| 

(c3)9--aik 7'i V k . ]  

Equations (28), (29), (30) contain all Pockels's trans- 
formation equations of aik (see Pockels, 1906). 

(2) For vibrating crystals T~q and P~ are periodical 
functions of time. Hence aik must also be a periodical 
function of time, from (26) or (27). This means tha t  the 
rays failing on the surface of a vibrating crystal at  
different instants are refracted in different directions. 

During a period the tangent lines of the rays emanat- 
ing from one point on the surface form the surface of a 
general cone--a phenomenon analogous to Hamilton's 
internal conical refraction. Of course, the origins of 
these two phenomena are essentially different. A 
thorough study of the conditions for this phenomenon 
and its experimental proof will be the object of our next 
work. Because there must be a connexion between the 
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form of t h e '  cone'  and  the electro-optical constants, the 
determinat ion of rikm by  means of the observed curves 
is not excluded. 

I wish to thank  Prof. Dr V. Petr~ilka of Charles 
University,  Prague, who has enabled me to work on 
this problem. 
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Structure Cristalline de l'Acide Nitrique h une Mol6cule d'Eau 

PAR V. LVZZATI 

Laboratoire Central des Services Chimiques de l'J~tat, 12, Quai Henri IV ,  Paris IV ,  France 

(Regu le 21 juillet 1950) 

HNOa.H~O melts at -37 .7  ° C. The experimental technique adopted for the study of the crystal 
structure was the same as that  used for HNO a . 

The crystals are orthorhombic, symmetry group C~v-Pna. The unit  cell contains 4 molecules 
and has the dimensions: a - 5 . 4 4 ,  b -8 .69 ,  c -6 .31  A. 

The structure was determined from the projections of the electron density. All the oxygen 
and all the hydrogen atoms are involved in hydrogen-bond formation. The hydrogen bonds link 
the molecules to form infinite two-dimensional aggregates. The configuration of the NOa groups 
and of the oxygen atoms of the water molecules possesses a pseudo-trigonal symmetry.  

Introduction 
Ce travai l  fair part ie d 'une  ~tude entreprise dans le 
Laboratoire Central des Services Chimiques de l ']~tat 
sur les phases solides de l 'acide nitr ique et de quelques 
compos6s similaires. N205 (Grison, Eriks & de Vries, 
1950), et HNO a (Luzzati, 1951) ont d6j~ fair l 'objet  de 
communications.  

I1 nous a paru int~ressant a priori de d~terminer la 
difference entre la structure de l 'acide nitr ique anhydre  
et celle de ses hydrates,  et d 'essayer de comprendre le 
r61e de l 'eau dans les phases solides hydrat~es. 

Pour la part ie exp~rimentale de ce travail ,  nous avons 
trouv6 une aide pr~cieuse de la par t  de M. L. Bouttier. 

Partie exp6rimentale 
HNO a . H20 cristallise £ - 3 7 , 7  ° C. Par  la m6thode de 
Boutt ier  (1949) on obtient  des aiguilles form6es de blocs 
monocristall ins de peti t  volume (de 0,1 £ 2 mm.a): ces 
blocs ont en commun l 'axe cristallographique c et sont 
d6ca16s les uns par rapport  aux autres par des rotations 
6gales approx imat ivement  £ des multiples de 27r/3 
autour de cet axe. 

Nous avons enregistr6 des diagrammes de Weissen- 
berg par rotation autour des trois axes cristallo- 
graphiques,  en isolant chaque fois dans le faisceau de 
rayons X un seul bloc monocristallin,  dont le volume 
est de 1 £ 2 mm. a. 

La technique exp6rimentale et les m6thodes de calculs 
sont identiques £ celles employ6es pour la d6terminat ion 
de la structure de l 'acide ni tr ique anhydre  (Luzzati, 
1951). 

D6termination de la structure 
HNO3. H20 cristallise dans le syst~me orthorhombique.  
Les dimensions de la maille dldmentaire sont: 

a = 5,44 +_ 0,02, b = 8,69 _+ 0,02, v = 6,31 _+ 0,01 A. 

La maille 616mentaire contient 4 mol6cules 
HNO a . H20. 

Les extinctions syst6matiques conduisent ~ deux 
groupes de sym6trie possibles: Pmnc ou Pnc. Les pro- 
jections de la fonction de Pat terson P(x, y) et P(y, z) 
permet tent  d 'exclure le premier cas. Le groupe de 
sym6trie est donc Pnc-C~,. 

La maille 616mentaire n 'a  pas de centre de sym6trie:  
seule la projection parallble ~ a possbde un centre de 
sym6trie. 

Nous avons commenc6 ?~ 6tudier la projection p(y, z) 
de la densit6 61ectronique, car l 'existence d 'un  centre de 
sym6trie simplifie les calculs. Par  l ' in terpr6tat ion de la 
projection de la fonction de Pat terson P(y, z), et par  
quelques essais, nous avons trouv6 les positions approxi- 
mat ives  des atomes: par  des calculs successifs des signes 
et des syntheses de Fourier, nous avons am61ior6 ces 
positions, jusqu '~ obtenir  la projection d6finitive de la 
densit6 61ectronique (Fig. 1). Sur cette projection on ne 
peut pas d6terminer les param~tres y e t  z des atomes 
avec pr6cision, car trop d 'a tomes sont superpos6s. 

Nous avons 6tudi6 e n s u r e  la projection p(x, y). En 
par tan t  des coordonn6es atomiques y, obtenues sur 
p(y, z), et en tenant  compte des indications de la pro- 
jection P(x, y), nous avons obtenu les positions approxi- 
lnatives des atomes. Quelques calculs des angles des 


